Interpretation of the structure function of rotation measure in the
  interstellar medium by Xu, Siyao & Zhang, Bing
ar
X
iv
:1
60
4.
05
44
5v
2 
 [a
str
o-
ph
.G
A]
  2
3 J
un
 20
16
DRAFT VERSION OCTOBER 1, 2018
Preprint typeset using LATEX style emulateapj v. 5/2/11
INTERPRETATION OF THE STRUCTURE FUNCTION OF ROTATION MEASURE IN THE INTERSTELLAR MEDIUM
SIYAO XU1 AND BING ZHANG 1,2,3
Draft version October 1, 2018
ABSTRACT
The observed structure function (SF) of rotation measure (RM) varies as a broken power-law function of
angular scales. The systematic shallowness of its spectral slope is inconsistent with the standard Kolmogorov
scaling. This motivates us to examine the statistical analysis on RM fluctuations. The correlations of RM
constructed by Lazarian & Pogosyan (2016) are demonstrated to be adequate in explaining the observed fea-
tures of RM SFs through a direct comparison between the theoretically obtained and observationally measured
SF results. By segregating the density and magnetic field fluctuations and adopting arbitrary indices for their
respective power spectra, we find that when the SFs of RM and emission measure have a similar form over the
same range of angular scales, the statistics of the RM fluctuations reflect the properties of density fluctuations.
RM SFs can be used to evaluate the mean magnetic field along the line of sight, but cannot serve as an infor-
mative source on the properties of turbulent magnetic field in the interstellar medium. We identify the spectral
break of RM SFs as the inner scale of a shallow spectrum of electron density fluctuations, which characterizes
the typical size of discrete electron density structures in the observed region.
Subject headings: ISM: magnetic fields – turbulence – methods: statistical
1. INTRODUCTION
Astrophysical turbulence, in spite of the stochastic nature,
allows for a statistical study that can have access to its under-
lying regularities (Biskamp 2003; Brandenburg & Lazarian
2013; Beresnyak & Lazarian 2015). The turbulent spectrum,
as a statistical measure of turbulence, contains a great wealth
of information on the injection, nonlinear transfer, and dis-
sipation of turbulent energy, and thus can characterize the
essential properties of interstellar turbulence. The statistics
of the turbulent velocity provide a direct diagnostic of the
turbulent spectrum, but it is challenging to disentangle ve-
locity and density contributions when utilizing spectroscopic
data to obtain velocity statistics (Vestuto et al. 2003). Among
the attempts to overcome this difficulty, new techniques, e.g.,
the Velocity Channel Analysis and Velocity Coordinate Spec-
trum, have been developed on a solid theoretical ground and
successfully tested by numerical simulations (see a review by
Lazarian 2009). On the other hand, the statistical study of
density is rather straightforward and has attracted more atten-
tion (Goodman & Narayan 1985; Spangler & Gwinn 1990;
Armstrong et al. 1995; Chepurnov & Lazarian 2010). A
Kolmogorov spectrum of the fluctuations in the interstel-
lar plasma density is suggested by observational evidence.
However, density is a passive scalar and the measure of
density fluctuations can only be regarded as an indirect ap-
proach of tracing turbulence. Numerical studies show that
the density spectrum significantly deviates from the veloc-
ity spectrum in supersonic turbulence (Cho & Lazarian 2003;
Beresnyak et al. 2005; Kowal et al. 2007).
Turbulence induces fluctuating magnetic field by the small-
scale dynamo, and brings the magnetic energy up to the
injection scale of turbulence through the inverse cascade
(Cho et al. 2009; Beresnyak 2012; Zrake 2014). The gen-
1 Department of Astronomy, School of Physics, Peking University, Bei-
jing 100871, China; syxu@pku.edu.cn
2 Kavli Institute for Astronomy and Astrophysics, Peking University,
Beijing 100871, China
3 Department of Physics and Astronomy, University of Nevada Las Ve-
gas, NV 89154, USA; zhang@physics.unlv.edu
erated magnetic field in turn affects the properties of turbu-
lence and converts the hydrodynamic turbulence into mag-
netohydrodynamic (MHD) turbulence, which is a common
state of interstellar plasma. Achieving the spectral profile
of turbulent magnetic field is crucial for studying the pro-
cesses such as cosmic-ray scattering (Ko´ta & Jokipii 2000),
star formation (McKee 1999), and magnetic reconnection
(Lazarian & Vishniac 1999). It requires an adequate un-
derstanding of MHD turbulence. The point of contention
is whether the scaling law for hydrodynamic turbulence is
still valid in the context of MHD turbulence. Within the-
ory’s reach, Goldreich & Sridhar (1995) pointed out that the
transverse mixing motions of magnetic field lines in MHD
turbulence preserve the character of hydrodynamic turbu-
lent motions, thus the hydrodynamic turbulence scaling holds
in the direction perpendicular to the local magnetic field.
The Kolmogorov-type spectrum of density fluctuations in the
magnetized interstellar plasma is in accordance with this the-
oretical expectation. Statistical analyses of the magnetic field
data produced by numerical simulations support the theory
(Cho & Vishniac 2000; Cho et al. 2002; Maron & Goldreich
2001). However, there is a shortage of observational evi-
dence since magnetic field statistics are more poorly con-
strained from observations than velocity and density statis-
tics. Magnetic field cannot be measured independently, but is
intermixed with other quantities such as densities of relativis-
tic electrons or thermal electrons. Only a theoretical model
capable of reproducing the detected features of related ob-
servables can give us confidence in eliminating the inherent
ambiguities and unveiling the physics in the measurements of
turbulent magnetic fields.
Based on the modern understanding of MHD turbulence,
Lazarian & Pogosyan (2012, 2016) carried out comprehen-
sive statistical studies on fluctuations in synchrotron intensity,
synchrotron polarization, and Faraday measure. They pro-
vided a thorough exposition on the quantitative correlations
between the statistics of synchrotron emission and charac-
teristics of the underlying magnetic turbulence. Their syn-
chrotron studies of turbulence and cosmic magnetic fields
2open the avenue to a wide range of astrophysical applica-
tions. In particular, Lazarian & Pogosyan (2016) (hereafter
LP16) presented the structure function (SF) analysis of ro-
tation measures (RMs), including both cases with spatially-
coincident and spatially-separated synchrotron emission and
Faraday rotation regions. The latter case can be applied to
probing the turbulent magnetic fields embedded in the diffuse
ionized component of the interstellar medium (ISM), when
the observed Faraday rotation only contains the contribution
from the Galaxy.
In practice, the SFs of RMs have been attained from
a number of independent observations covering differ-
ent scales and areas in the Galaxy (e.g., Simonetti et al.
1984; Simonetti & Cordes 1986; Clegg et al. 1992;
Minter & Spangler 1996; Haverkorn et al. 2003, 2004;
Sun & Han 2004; Haverkorn et al. 2008; Roy et al. 2008; Stil
2009; Oppermann et al. 2012; see also, Han et al. 2004; Han
2009). In combination with the SFs of emission measures
(EMs), it provides a possibility for determining the properties
of turbulent magnetic fields in the ISM. The observations
reveal some common features in the form of RM SFs as a
function of angular scales: (1) The SF has a much shallower
slope than that expected from the standard Kolmogorov
power law. (2) The SF follows a broken power spectrum
changing from a relatively steeper slope to a shallower one at
a scale on the order of 1 pc. (3) The slope of the SF varies
from region to region and has a dependence on Galactic
latitude. (4) The slope of the SF tends to flatten at large
angular scales. (5) The SF of EMs shows a similar slope
to that of RMs detected from the same region. There has
not been a compelling interpretation for these features in
earlier literature. As an empirical attempt, Minter & Spangler
(1996) suggested that the broken power-law spectrum may
result from the transition from three-dimensional to two-
dimensional filamentary turbulent structure, but this imposed
turbulent structure, which may not be a common occurrence,
fails to account for other observational features.
As the major impediment of the problem, both density
and magnetic field fluctuations are imprinted in the observed
RM fluctuations. The relative importance between them de-
termines whether the behavior of RM SFs can effectively
diagnose the turbulent magnetic fields. In the studies of,
e.g. Simonetti et al. (1984); Lazarian & Pogosyan (2016),
the product of electron density and magnetic field has been
treated as a composite quantity. In Minter & Spangler (1996),
the two are separated, but both fluctuations are assumed to
conform to the Kolmogorov spectrum. In the current work, in
order to resolve the respective influence of density and mag-
netic field fluctuations and gain a clear insight into the proper-
ties of their associated turbulence, we separate the density and
magnetic field components in the statistical analysis of RM
fluctuations, but do not restrict the scalings of their respective
power spectra. Our goal is not only to seek understanding of
the observed features of RM SFs, but also to clarify its relation
with the turbulent density field and magnetic field. In Section
2, we present a statistical analysis of RM and EM fluctuations,
and provide the expressions of their SFs with separate contri-
butions from electron density and magnetic field. In Section
3, we compare the analytical result with the measured RM and
EM SFs from observations. Conclusions and discussions are
given in Section 4.
2. STATISTICAL ANALYSIS OF RM AND EM
FLUCTUATIONS
As the fundamental radio propagation measurements, the
measure of magnetization (RM) and electron densities (EM)
provide unique information on the magnetized turbulence in
the diffusive, ionized component of the ISM. In astronomi-
cally convenient units, they are defined as
RM(rad m−2) = 0.81
∫ L
0
ne(cm
−3)Bz(µG)dz(pc), (1)
and
EM(pc cm−6) =
∫ L
0
[ne(cm
−3)]2dz(pc), (2)
where ne is electron density, Bz is the line-of-sight (LOS)
component of magnetic field, and L is the path length through
the Faraday rotating medium.
2.1. SFs of RM and EM fluctuations
For our statistical analysis of RM and EM fluctuations, we
follow the approach employed by LP16 that deals with RM
per unit length along LOS, namely, RM density 0.81(neBz),
and EM density (n2e). We first treat them as composite quan-
tities. We consider them to be statistically homogeneous and
isotropic. This ensures that these quantities are invariant with
respect to the LOS orientation.
We assume that the RM (EM) density can be described as
a sum of its ensemble-average mean and zero mean fluctua-
tions,
φ(X, z) = φ0 + δφ(X, z), 〈δφ(X, z)〉 = 0, (3)
where X denotes the position on the plane of sky and z is
the distance along the LOS. We use 〈...〉 to denote an ensem-
ble average. As the real-space statistical tool, the two-point
correlation function (CF) is
ξ(R,∆z) = 〈φ(X1, z1)φ(X2, z2)〉, (4)
for RM (EM) density, and
ξ˜(R,∆z) = 〈δφ(X1, z1)δφ(X2, z2)〉 (5)
for RM (EM) density fluctuations. The two are related as
ξ˜(R,∆z) = ξ(R,∆z) − φ20, (6)
with R = X1−X2 and ∆z = z1− z2. The SF of RM (EM)
density and RM (EM) density fluctuations are identical,
d(R,∆z) = d˜(R,∆z) = 〈[δφ(X1, z1)− δφ(X2, z2)]
2〉.
(7)
According to the statistical descriptions presented in LP16,
we adopt a power-law model of CF and SF, which is adequate
for characterizing the scaling properties of turbulence. Their
forms are
ξ˜φ(R,∆z) = σ
2
φ
r
mφ
φ
r
mφ
φ + (R
2 +∆z2)mφ/2
, (8a)
d˜φ(R,∆z) = 2σ
2
φ
(R2 +∆z2)mφ/2
r
mφ
φ + (R
2 +∆z2)mφ/2
, (8b)
with the variance of fluctuations defined as
σ2φ = 0.81
2〈δ(neBz)
2〉 (9)
for RM density, and
σ2φ = 〈δ(n
2
e)
2〉 (10)
3for EM density, where rφ is the correlation scale of RM (EM)
density fluctuations, and mφ is the index of their power-law
functions in real space. Under the condition of statistical ho-
mogeneity, we see from above expressions that CF and SF
only depend on the relative separation distance instead of the
separation vector between the two points.
The power spectrum in Fourier space E(k) ∼ kα is com-
plementary to CF and SF. Since CF and SF respectively ap-
ply to small-scale and large-scale dominated statistics, a shal-
low (α > −3) spectrum is more properly described by CF,
while a steep (α < −3) spectrum more favors SF treat-
ment. Only when the cutoffs of CF at small scales and
SF at large scales are both defined, can CF and SF be re-
lated and employed simultaneously (see detailed discussions
in Lazarian & Pogosyan 2004, 2006). From Eq. (8), we find
ξ˜φ(0) = σ
2
φ,
d˜φ(∞) = 2σ
2
φ,
(11)
and thus the CF and SF are related by
d˜φ(R,∆z) = 2[ξ˜φ(0)− ξ˜φ(R,∆z)],
ξ˜φ(R,∆z) =
1
2
[d˜φ(∞)− d˜φ(R,∆z)].
(12)
The relation between the CF (SF) index mφ and the spectral
index α depends on whether the turbulent spectrum is shallow
or steep (Lazarian & Pogosyan 2006),
α =
{
mφ −N, α > −3, (13a)
−mφ −N, α < −3, (13b)
where N is the dimensionality of space. In the case of three-
dimensional Kolmogorov turbulence with α = −11/3, the
corresponding value of mφ is 2/3. Regarding the correla-
tion scale rφ, as pointed out by LP16, it corresponds to the
energy dissipation scale for a shallow spectrum at wavenum-
bers smaller than 1/rφ, and the injection scale of turbulent
energy for a steep spectrum at wavenumbers larger than 1/rφ.
Strictly speaking, the forms of CF and SF given in Eq. (8)
are only applicable in the inertial range of the spectrum. For
scales below the inner scale rφ of a shallow spectrum and
above the outer scale rφ of a steep spectrum, the exact forms
of CF and SF depend on the specific dissipation and injection
processes of turbulent energy.
The total RM and EM are the integrals of RM and EM den-
sities over the path length along the LOS and thus their SFs
have a dependence on the integration path. In a simple case
where there is only one single Faraday rotating screen along
the LOS with a thicknessL, as derived in LP16, the SF for the
fluctuations of RM (EM) is given by
D∆Φ(R, L, L) = 2
∫ L
0
d∆z(L−∆z)[ξ˜φ(0,∆z)−ξ˜φ(R,∆z)].
(14)
Notice that the SF for RM (EM) has the same form as above
due to ξ˜φ(0,∆z)− ξ˜φ(R,∆z) = ξφ(0,∆z)− ξφ(R,∆z). A
more complicated expression of D∆Φ applicable to the situa-
tion with the synchrotron radiation and Faraday rotation tak-
ing place in the same volume is available in LP16.
We consider a thick Faraday screen with L > rφ, which
is common to extragalactic sources. After inserting Eq. (8a),
the SF from Eq. (14) has asymptotic expressions in different
ranges of R (see Appendix C in LP16),
D∆Φ(R) =


2σ2φLR
(R
rφ
)mφ
, R < rφ < L,(15a)
2σ2φLR
(R
rφ
)−mφ
, rφ < R < L,(15b)
2σ2φL
2
( L
rφ
)−mφ
, rφ < L < R.(15c)
Regarding its dependence on R, the slope changes from
1+mφ to 1−mφ whenR reaches the correlation scale rφ, and
flattens when R exceeds L. It is necessary to point out that,
as we discussed above, the expression of D∆Φ(R) at R < rφ
in the case of a shallow spectrum of RM (EM) density fluctu-
ations and those at R > rφ in the case of a steep spectrum are
not robust. In the following calculations we assume that the
same power-law model of ξ˜φ(R,∆z) can be extensively ap-
plied beyond the inertial range of turbulence, keeping in mind
that mφ has an adjustable value in different ranges of scales,
and we will discuss the modifications in a more realistic situ-
ation in Section 3.
For an observer sitting in the Galaxy, if the Faraday rota-
tion effect for the extragalactic sources mainly arises from
the Galaxy, the angular separation θ between a pair of LOSs
through the ISM coincides with the ratio of the projected dis-
tance and geometrical depth of the Galactic Faraday material,
i.e., R/L. Thus, Eq. (15) can be recast into
D∆Φ(θ) =


2σ2φL
2
( L
rφ
)mφ
θ1+mφ ,
θ <
rφ
L
< 1, (16a)
2σ2φL
2
( L
rφ
)−mφ
θ1−mφ ,
rφ
L
< θ < 1, (16b)
2σ2φL
2
( L
rφ
)−mφ
,
θ > 1 >
rφ
L
. (16c)
If the underlying turbulence conforms to the Kolmogorov
scaling, there is mφ = 2/3, so we expect that the SF ex-
hibits a broken slope changing from 5/3 at θ < rφ/L to 1/3
at rφ/L < θ < 1, and remains unchanged at θ > 1.
The above conversion from the linear scale R to angular
scale θ should be adjusted when the LOSs intersect a Faraday
screen at a distance from the observer. The observed angular
separation of a source pair becomes
θ =
R
L+ Lf
, (17)
where Lf is the distance from the Faraday screen to the ob-
server. By substituting
L′ = L+ Lf , ζ =
L
L′
, (18)
and inserting
R = L′θ, (19)
4Eq. (15) is reformulated as
D∆Φ(θ) =


2σ2φζL
′2
(L′
rφ
)mφ
θ1+mφ ,
θ <
rφ
L′
< ζ, (20a)
2σ2φζL
′2
(L′
rφ
)−mφ
θ1−mφ ,
rφ
L′
< θ < ζ, (20b)
2σ2φL
2
( L
rφ
)−mφ
,
θ > ζ >
rφ
L′
. (20c)
The actual value of ζ can be evaluated from observations as
the angular scale beyond which D∆Φ(θ) has a zero slope.
We notice that Eq. (16) corresponds to the specialization of
the above equation at ζ = 1, applicable to both extragalac-
tic sources with little internal Faraday rotation and Galactic
sources. In the opposite limit, for an extended extragalactic
source with high internal Faraday rotation (within which the
multiple RM components are correlated) and relatively neg-
ligible Galactic contribution, ζ can be much less than unity,
from which and the estimated size of the radiation emitting
region (∼ L), the location of the Faraday screen, i.e., the dis-
tance of the source, can potentially be obtained. But such an
observation requires very high angular resolution due to the
large distance of the extragalactic source.
Besides the case with a single thick Faraday screen, which
is the focus of this paper, analyses for other realizations with,
e.g., a thin Faraday screen (L < rφ) or a single LOS (R = 0)
are also provided in LP16, which can be widely applied to
different observational situations.
2.2. SFs with separate contributions from electron density
and magnetic field
The above approach straightforwardly reveals the depen-
dence of the slope and amplitude of the RM SF on the spectral
characteristics of RM density fluctuations. But it has the dis-
advantage that from the observed RM SF, the relative signifi-
cance between density and magnetic field fluctuations cannot
be readily discerned. We next carry out an analogous deriva-
tion of SFs of RM and EM as above, but separate the contri-
butions from density and magnetic field.
Similarly, we assume that the electron density and LOS
component of magnetic field are described by
ne = ne0 + δne, Bz = Bz0 + δBz, (21)
and
〈δne〉 = 0, 〈δBz〉 = 0, (22)
such that we have the product neBz
neBz = (ne0 + δne)(Bz0 + δBz)
= ne0Bz0 + ne0δBz +Bz0δne + δneδBz,
(23)
and the squared ne
n2e = n
2
e0 + δn
2
e + 2ne0δne. (24)
It follows that the CFs of RM and EM densities become (see
detailed calculations given in the Appendix)
ξφ(RM) = 0.812(n2e0B
2
z0 + n
2
e0ξ˜B +B
2
z0ξ˜n + ξ˜nξ˜B), (25)
and
ξφ(EM) = (n2e0 + 〈δn2e〉)2 + 2ξ˜2n + 4n2e0ξ˜n. (26)
Here ξ˜n and ξ˜B are CFs for fluctuations in ne and Bz . By
adopting the same model of CF as introduced in Eq. (8a), we
have
ξ˜n(R,∆z) = 〈δne(X1, z1)δne(X2, z2)〉
= σ2n
rmnn
rmnn + (R2 +∆z2)mn/2
,
ξ˜B(R,∆z) = 〈δBz(X1, z1)δBz(X2, z2)〉
= σ2B
rmBB
rmBB + (R
2 +∆z2)mB/2
,
(27)
with their respective correlation lengths rn, rB , power-law in-
dices mn,mB , and variances of fluctuations
σ2n = 〈δn
2
e〉, σ
2
B = 〈δB
2
z 〉. (28)
Under the condition of relatively small fluctuations, the lin-
ear terms in ξφ(RM) (Eq. (25)) and ξφ(EM) (Eq. (26)) play
a dominant role in determining the resultant SFs of RM and
EM. Combining Eq. (14) with Eq. (25) and (26), we obtain
analytical estimates,
DRM ≈
2× 0.812n2e0
∫ L
0
d∆z(L−∆z)[ξ˜B(0,∆z)− ξ˜B(R,∆z)]
+ 2× 0.812B2z0
∫ L
0
d∆z(L−∆z)[ξ˜n(0,∆z)− ξ˜n(R,∆z)],
(29)
and
DEM ≈ 2×4n
2
e0
∫ L
0
d∆z(L−∆z)
[
ξ˜n(0,∆z)−ξ˜n(R,∆z)
]
.
(30)
By comparing Eq. (14), (16), and (29), the simplified ex-
pressions of DRM in different asymptotic regimes can then be
5derived:
DRM(θ) =


2× 0.812L2
[
n2e0σ
2
B
( L
rB
)mB
θ1+mB
+B2z0σ
2
n
( L
rn
)mn
θ1+mn
]
,
θ <
rn
L
<
rB
L
< 1, (31a)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)mB
θ1+mB
+B2z0σ
2
n
( L
rn
)−mn
θ1−mn
]
,
rn
L
< θ <
rB
L
< 1, (31b)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)−mB
θ1−mB
+B2z0σ
2
n
( L
rn
)−mn
θ1−mn
]
,
rB
L
< θ < 1, (31c)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)−mB
+B2z0σ
2
n
( L
rn
)−mn]
,
θ > 1 >
rB
L
. (31d)
In the above expression, we consider the condition rn < rB .
The opposite case with rB < rn can be similarly formulated:
DRM(θ) =


2× 0.812L2
[
n2e0σ
2
B
( L
rB
)mB
θ1+mB
+B2z0σ
2
n
( L
rn
)mn
θ1+mn
]
,
θ <
rB
L
<
rn
L
< 1, (32a)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)−mB
θ1−mB
+B2z0σ
2
n
( L
rn
)mn
θ1+mn
]
,
rB
L
< θ <
rn
L
< 1, (32b)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)−mB
θ1−mB
+B2z0σ
2
n
( L
rn
)−mn
θ1−mn
]
,
rn
L
< θ < 1, (32c)
2× 0.812L2
[
n2e0σ
2
B
( L
rB
)−mB
+B2z0σ
2
n
( L
rn
)−mn]
,
θ > 1 >
rn
L
. (32d)
It reveals that the total DRM is the superposition of two com-
ponents that are related to the fluctuations in electron density
and the LOS component of magnetic field, respectively. In an
exceptional situation with rn = rB and mn = mB , namely,
density and magnetic turbulence share the same spectral scal-
ing law, the expression of DRM(θ) in Eq. (16) can be recov-
ered from either Eq. (31) or Eq. (32), and accordingly the CF
parameters of RM density fluctuations can be more explicitly
written as
σ2φ = 0.81
2(n2e0σ
2
B +B
2
z0σ
2
n),
rφ = rn = rB ,
mφ = mn = mB.
(33)
This is only valid under rather restrictive circumstances. More
generally, one would expect that the spectra for fluctuating
density and magnetic field are not aligned and the behavior
of DRM depends on the relative importance between B2z0σ2n
and n2e0σ2B . For example, when B2z0σ2n is significantly larger
than n2e0σ2B , that is, the relative density fluctuations are much
stronger in comparison with relative magnetic field fluctua-
tions,
σ2n
n2e0
≫
σ2B
B2z0
, (34)
density fluctuations dictate the behavior of DRM. Both Eq.
(31) and (32) approximately go back to Eq. (16), and the CF
parameters of RM density fluctuations are equivalent to
σ2φ = 0.81
2B2z0σ
2
n,
rφ = rn,
mφ = mn.
(35)
In this situation, magnetic field fluctuations are basically not
responsible for the observed RM SFs.
As regards the SF of EM, combining Eq. (14), (16), and
(30) yields
DEM(θ) =


8n2e0σ
2
nL
2
( L
rn
)mn
θ1+mn ,
θ <
rn
L
< 1, (36a)
8n2e0σ
2
nL
2
( L
rn
)−mn
θ1−mn ,
rn
L
< θ < 1, (36b)
8n2e0σ
2
nL
2
( L
rn
)−mn
,
θ > 1 >
rn
L
. (36c)
The similarity between the form of the above DEM(θ) and
Eq. (16) suggests that the EM density fluctuations inherit the
turbulence properties from the density field and their CF pa-
rameters are related as
σ2φ = 4n
2
e0σ
2
n,
rφ = rn,
mφ = mn.
(37)
If the situation described in Eq. (34) is realized, we expect
that DRM(θ) and DEM(θ) measured from the same region
in the sky exhibit a similar behavior in terms of the spec-
tral slope and correlation scale corresponding to the break in
slope. Their ratio
DRM(θ)
DEM(θ)
=
(0.81Bz0
2ne0
)2
(38)
6is associated with the mean plasma properties and determined
by the ratio between the mean values of Bz and ne.
3. COMPARISON WITH OBSERVATIONS
Observationally determined SFs of RMs allow a quanti-
tative test of the above analysis. Minter & Spangler (1996)
studied both RM and EM measurements for 38 extragalactic
sources. The sample of source components are selected to
have insignificant intrasource variations in RM and depolar-
ization effects for the purpose of studying the Faraday rotation
of the Galactic medium only. Another strong argument that
the observed RM is dominated by the Galactic Faraday rota-
tion is the evident dependence on the angular separation of the
RM SF. The measured RM SF DRM increases as a power-law-
like function of angular scale and is characterized by a break
in its spectrum around 0.1◦. The least-squares fit to the data
above 0.1◦ gives
DRM(θ > 0.1
◦) = (340±30) [θ(◦)]0.64±0.06 rad2m−4. (39)
The three data points below 0.1◦ are insufficient for achieving
a reliable fitting, but they clearly indicate a more steepened
spectrum.
These observed features of RM SFs appear to be consistent
with the theoretical expectations presented in Section 2. To
enable a quantitative comparison, we employ the parameters
provided in Minter & Spangler (1996). Since the observed
Faraday rotation for their sample is dominated by the mag-
netized ISM of our Galaxy, we adopt the average path length
2900 pc through the ISM in the observed region as the depth
L of the Faraday screen. Besides, the very few measurements
at small angular separations do not allow an accurate deter-
mination of the break point in the SF spectrum. We then
choose the “outer scale” of turbulence of 3.6 pc suggested
in Minter & Spangler (1996) as an experimental correlation
scale rφ. The transition angle at the break is thus
θtr =
rφ
L
= 0.0711◦. (40)
Given the coincidence θ = R/L for this observation, and
the determination of L and rφ, we can compare Eq. (39) with
the functional form of DRM at θ > θtr from Eq. (16b), which
directly yields the CF index and variance of RM density fluc-
tuations,
mφ = 1− 0.64 = 0.36, σφ = 5.5× 10
−2 rad m−2pc−1.
(41)
Evidently, the measured mφ does not coincide with the pre-
diction by Kolmogorov turbulence, which entails mφ = 2/3
instead (see Section 2.1). In fact, since the rangeR > rφ (i.e.,
θ > θtr) corresponds to the inertial range of a shallow spec-
trum of RM density fluctuations, the resulting spectral index
is (Eq. (13a))
α = mφ − 3 = 0.36− 3 = −2.64. (42)
Meanwhile, the identification of the inertial range over the
scales larger than rφ indicates that rφ is actually the inner
scale rather than the outer scale of turbulence. Below rφ,
the damping effect efficiently suppresses the fluctuations and
steepens the spectral tail in the dissipation range. If we as-
sume that the same scaling as in the inertial range can still
be used at scales below but in the vicinity of rφ, inserting the
values in Eq. (41) into the expression of DRM at θ < θtr from
Eq. (16a) leads to
DRM(θ < θtr) = 2.28× 10
3 [θ(◦)]1.36rad2 m−4. (43)
Fig. 1 plots DRM from Eq. (43) at θ < θtr and Eq. (39) at
θ > θtr, superposed with the observational data points taken
from figure 5 in Minter & Spangler (1996). It seems that both
the amplitude and spectral slope of DRM given by Eq. (43)
are in good agreement with the observational result. However,
due to the limited number of close source pairs, it is difficult
to impose a strong constraint on the exact spectral slope in the
dissipation range of turbulence. Nevertheless, the comparison
illustrates that the theoretical model originally constructed by
LP16 can satisfactorily interpret the observed RM SFs.
We exclude the possibility that rφ is the outer scale of a
steep spectrum, as in this case one would expect that the SF
saturates at a constant value and flattens at θ > θtr. Otherwise,
the observed SF spectrum over an extended range of angular
scales beyond θtr severely challenges the model for the energy
injection of turbulence.
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FIG. 1.— SFs of RMs vs. angular separation. The data points are taken
from figure 5 in Minter & Spangler (1996). The solid line corresponds to the
theoretical formalisms Eq. (16a) and (16b).
From RM SFs alone, we are unable to identify the separate
contributions due to density and magnetic field fluctuations.
Hence, it is necessary to invoke SFs of EMs for an exclu-
sive extraction of the electron density fluctuations. We now
turn to the observationally measured EM SFs. A power-law
representation with a similar slope to that of RM SFs fits the
observations (Minter & Spangler 1996),
DEM(θ) = (5.5± 0.6) [θ(
◦)]0.73±0.08cm−12pc2. (44)
Due to the lower angular resolution of the EM data, the mea-
surements of DEM at small angular scales are absent, which
prevents the detection of the possible break in its spectrum
and determination of the correlation scale of EM density fluc-
tuations. But the fitting by Eq. (44) is informative on the CF
index of EM density fluctuations, which is also approximately
the CF index of density fluctuations (see Eq. (37)). Compar-
ing Eq. (16b) and (44) gives the value
mφ = 1− 0.73(±0.08) = 0.27(±0.08), (45)
close to that of RM density fluctuations (Eq. (41)). The sim-
ilarity between the slopes of RM and EM SFs strongly sug-
gests that the density fluctuations take a major part in compos-
ing the SF of RM. Presumably, the CF index and correlation
7scale obtained from RM SFs also match those quantities of
density fluctuations (see Eq. (35)),
mn = 0.36, rn = 3.6 pc, (46)
and the EM SFs at θ > θtr satisfy
DEM(θ) = 5.5 [θ(
◦)]0.64cm−12pc2. (47)
By comparing the above equation with Eq. (36b) and using
L = 2900 pc and values in Eq. (46), we find
ne0σn = 3.47× 10
9m−6. (48)
Furthermore, under the condition of Eq. (34), we can safely
neglect the terms associated with magnetic fluctuations in Eq.
(31) and (32) due to their minor contribution. From Eq. (35)
and (41), we get
0.81Bz0σn = σφ = 5.5× 10
−2 rad m−2pc−1, (49)
indicative of the fact that the level of RM density fluctuations
is determined by the joint strength of fluctuating electron den-
sity and mean magnetic field along the LOS. Given the esti-
mate of mean electron density ne0, σn and Bz0 can be both
derived from the above two equations. However, the proper-
ties of the fluctuating component of magnetic field are poorly
constrained by SFs of RMs.
The above results suggest that the observed RM SFs orig-
inate from the underlying shallow spectrum of density fluc-
tuations, with the break in the slope of the SF corresponding
to the inner scale of the density spectrum. Accordingly, the
Faraday rotating medium that gives rise to the characteristics
of RM SFs has an excess of dense structures at small scales
comparable to rφ.
As a caveat to the applicability of the theoretical model, the
uncertainties in the amplitude and correlation scale of turbu-
lence obtained from observations are introduced by the choice
of Faraday rotation depth L. The RM fluctuations traced by
Galactic sources provide information about the small-scale
turbulence within a specific region in the Galaxy. The Fara-
day rotating medium extends from the observer to sources and
thus the sources’ distances can be used as the estimate of L.
Observations of extragalactic sources with marginal intrinsic
Faraday rotation as in Minter & Spangler (1996) can bring
forth large-scale features of ISM turbulence. The depth of
the Faraday screen is the path length throughout the Galaxy,
and the sources’ distances are irrelevant. But in the case with
dominant intrinsic Faraday rotation, provided that the mul-
tiple RM components within one source can be resolved, the
properties of turbulence in the source region are probed. Apart
from L, the source’s distance is also involved in the analysis
(see Eq. (20)).
4. CONCLUSIONS AND DISCUSSION
Following the model SF of RM fluctuations put forth by
LP16, we proceed to carry out the SF analysis of RM and
EM by separating the contributions from fluctuations of elec-
tron density and the LOS component of magnetic field, and
we assess their relative importance in determining the form of
SFs of RMs as a function of angular scales. We found that
the SF of RM can be considered as a sum of two SFs stem-
ming from the fluctuations of electron density and magnetic
field, respectively. The turbulent spectrum of the density fluc-
tuations can be extracted from the SF measurement of EM
provided that the angular resolution is sufficient. Applying
the analysis to observationally determined SFs of RMs shows
that the model SF can consistently interpret the shape of SFs
on different ranges of angular scales. Similar behavior of RM
and EM SFs suggests that the observed SF of RM is mainly
guided by fluctuating electron density and thus incapable of
probing the nature of turbulent magnetic field.
As an observational fact, the changing shape of SFs of RMs
with angular scales was earlier interpreted as arising from
a transition from three-dimensional to two-dimensional tur-
bulence (Minter & Spangler 1996), or two spatially separate
Faraday screens (Haverkorn et al. 2004). Without the inter-
vention of two turbulent structures or two Faraday rotation
regions, the power-law CF for RM density fluctuations intro-
duced in LP16 can naturally reproduce the observed features
and explain the broken power-law shape of the RM SF.
In earlier works, magnetic field is assumed to be frozen
in matter, and thus both density and magnetic field fluctua-
tions adhere to an identical power-law spectrum with the same
spectral index and inner and outer scales. But this conjecture
has been definitely rejected by observations on RM fluctu-
ations. The Kolmogorov spectrum appears to be too steep
to account for the shallow slope especially at scales larger
than the spectral break, and it alone cannot serve as a satis-
factory turbulent model to fit the various slopes of SFs from
different observations. In fact, it has been known that the
conventional flux-freezing concept breaks down in realistic
MHD turbulence as the diffusion of magnetic field lines is
mediated by fast magnetic reconnection, which is an intrinsic
process inherent in MHD turbulence (Lazarian 2005, 2011;
Lazarian et al. 2012; Eyink et al. 2013). It is more plausible
that density and magnetic field fluctuations conform to dis-
tinct power spectra of turbulence. The dominant one between
them is more important in determining the shape of the resul-
tant SF spectrum of RM.
The similarity between the behavior of RM and EM SFs
revealed by observations (e.g. Minter & Spangler 1996;
Haverkorn et al. 2004) indicates that the major contribution
to the measured RM SFs comes from electron density fluctu-
ations, which tend to follow a shallow spectrum of turbulence
down to the dissipation scale corresponding to the spectral
break of the RM SF. Both theoretical considerations and nu-
merical simulations suggest that a shallow spectrum of den-
sity field can arise in compressible turbulent flows. Com-
pressibility leads to the formation of clumpy density struc-
tures, with condensations embedded in relatively diffuse re-
gions (Beresnyak et al. 2005; Kritsuk et al. 2007; Kowal et al.
2007; Falceta-Gonc¸alves et al. 2014). The coupling between
this density structure and local turbulent motions results in a
steeper velocity power spectrum with a slope of ∼ −2, but
a much shallower power spectrum of the density field than
the Kolmogorov −5/3 scaling for one-dimensional spectra.
Moreover, the shallowness of the spectral slope of density
fluctuations is strongly affected by magnetic field strength
in subsonic turbulence and by sonic Mach number Ms in
supersonic turbulence (Kowal et al. 2007). For example,
Kowal et al. (2007) observed a slope of ∼ −0.5 for the one-
dimensional density spectrum obtained from the simulated su-
personic turbulence with Ms = 7, which is even shallower
than the spectral slope indicated from the RM SFs measured
by Minter & Spangler (1996) (see Eq. (42)). The ISM is
highly inhomogeneous with dense structures accumulated by
shocks on small scales. Depending on the local compressibil-
ity, the density fluctuations and the resultant RM SFs can have
spatially diverse spectral slopes.
8In contrast to density, magnetic field is better coupled with
turbulent velocity field and regulates the turbulence proper-
ties, e.g., scale-dependent turbulent anisotropy, as the turbu-
lent energy cascades down from large to small scales. The
“Big Power Law in the Sky” extending from 1017 m to
106 m (Armstrong et al. 1995; Chepurnov & Lazarian 2010)
suggests that the interstellar turbulence has a Galactic-scale
(> 100 pc) energy injection source and cascades toward very
small scales. At the parsec scale of this global turbulent
cascade, magnetic field fluctuations can have a lower am-
plitude compared with the enhanced amplitude of density
fluctuations. These excessive density fluctuations are thus
manifest by dominating the composite RM density fluctua-
tions. The candidate regions corresponding to the localized
enhanced turbulence in density field can be the extended en-
velopes of H II regions and the warm ionized medium of
the McKee & Ostriker (1977) model in the Galactic plane
(Spangler 1991; Armstrong et al. 1995).
Chepurnov & Lazarian (2010) carried out a remarkable ex-
tension of the Big Power Law in the Sky in Armstrong et al.
(1995) up to 1017 m by using the data of the Wisconsin Hα
Mapper (WHAM) and demonstrate a universal spectrum of
interstellar density fluctuations consistent with Kolmogorov
turbulence. On the contrary, observations of RM fluctua-
tions at low Galactic latitudes (e.g. Simonetti & Cordes 1986;
Clegg et al. 1992; Haverkorn et al. 2004, 2008) imply a shal-
lower spectrum than the Kolmogorov one. As a possible
understanding of this contradiction, for LOSs that traverse
the supersonic turbulent flows through the Galactic plane,
the RM results are mainly governed by density fluctuations,
which we do not expect to be compatible with the Kol-
mogorov spectrum as they are more independent from turbu-
lent velocity and sensitive to the local compressibility of the
medium. Chepurnov & Lazarian (2010) analyzed the WHAM
data at high Galactic latitudes and avoided the contamina-
tion from the H II regions in the Galactic plane. As a result,
they achieved one universal turbulent spectrum throughout
the Galaxy. Their result is also in agreement with the study
of velocity turbulence by using the velocity coordinate spec-
trum technique in Chepurnov et al. (2010). So great caution is
needed when one uses RM fluctuations to probe the turbulent
magnetic fields in the Galaxy, not only because the fluctuating
density instead of fluctuating magnetic field can dominate the
observed RM SF behavior, but also because more complexity
can be introduced by additional structures of turbulence em-
bedded in the observed region. They both hinder the recovery
of the underlying spectrum of magnetized turbulence.
We identify the transition scale on the order of 1 pc at the
spectral break of RM SFs as the inner scale of a shallow
electron density spectrum over larger scales, instead of the
injection scale of RM fluctuations at smaller scales as deter-
mined by Haverkorn et al. (2004, 2008). In a partially ionized
ISM, the cascade of MHD turbulence is severely damped
due to ion-neutral collisions. Below the scale where neutral
fluid decouples from ion-electron fluid, the MHD turbulence
in ion-electron fluid is efficiently suppressed by ion-neutral
collisional damping, but the cascade of hydrodynamic
turbulence in neutrals proceeds down to the viscous cutoff.
The dissipation scale inferred from RM SFs we obtained
in this work is consistent with the ion-neutral collisional
damping scale of MHD turbulence in the warm neutral phase
of the ISM calculated by Xu et al. (2015). Plausibly, this
consistency could suggest that the inner scale to electron
density fluctuations of ∼ 1 pc characterizes the typical and
also minimum scale of discrete structures of excess electron
densities in the observed region, while smaller condensations
mostly consist of neutrals and are driven by gravitational
contraction instead of supersonic motions.
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APPENDIX
CALCULATIONS FOR THE CFS OF RM AND EM DENSITIES
The CFs of RM and EM densities are calculated as
ξφ(RM)
=0.812〈(neBz)(X1, z1) (neBz)(X2, z2)〉
=0.812
[
n2e0B
2
z0 + n
2
e0〈δBz(X1, z1)δBz(X2, z2)〉+B
2
z0〈δne(X1, z1)δne(X2, z2)〉
+ 〈δne(X1, z1)δBz(X1, z1)δne(X2, z2)δBz(X2, z2)〉
]
=0.812(n2e0B
2
z0 + n
2
e0ξ˜B +B
2
z0ξ˜n + ξ˜nB)
=0.812(n2e0B
2
z0 + n
2
e0ξ˜B +B
2
z0ξ˜n + ξ˜nξ˜B),
(A1)
and
ξφ(EM)
=〈(n2e)(X1, z1) (n
2
e)(X2, z2)〉
=n4e0 + 2n
2
e0〈δn
2
e〉+ 〈δne(X1, z1)
2δne(X2, z2)
2〉+ 4n2e0〈δne(X1, z1)δne(X2, z2)〉
=n4e0 + 2n
2
e0〈δn
2
e〉+ ξ˜nn + 4n
2
e0ξ˜n
=(n2e0 + 〈δn
2
e〉)
2 + 2ξ˜2n + 4n
2
e0ξ˜n.
(A2)
In our derivations above, the three-point correlations are neglected under the assumption that the turbulent fluctuations are Gaus-
sian processes, and the turbulent density and magnetic field are assumed to be uncorrelated (Minter & Spangler 1996). Following
9the four-point correlations as employed in Minter & Spangler (1996), the expressions of ξ˜nB and ξ˜nn in the above equations are
ξ˜nB = ξ˜nξ˜B , ξ˜nn = 〈δn
2
e〉
2 + 2ξ˜2n. (A3)
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